Using black hole perturbation theory and arbitrary-precision computer algebra, we obtain the post-Newtonian (pN) expansions of the linear-in-mass-ratio corrections to the spin-precession angle and tidal invariants for a particle in circular orbit around a Schwarzschild black hole. We extract coefficients up to 20pN order from numerical results that are calculated with an accuracy greater than 1 part in 10 500 . These results can be used to calibrate parameters in effective-one-body models of compact binaries, specifically the spin-orbit part of the effective Hamiltonian and the dynamically significant tidal part of the main radial potential of the effective metric. Our calculations are performed in a radiation gauge, which is known to be singular away from the particle. To overcome this irregularity, we define suitable Detweiler-Whiting singular and regular fields in this gauge, and we compute the invariants using mode-sum regularization in combination with averaging from two sides of the particle. The detailed justification of this regularization procedure will be presented in a forthcoming companion paper.
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I. INTRODUCTION
Compact binaries are expected to be among the most significant sources for gravitational wave detectors, and over the last decade, modeling of these binaries has become a mature field. For two widely separated compact objects, post-Newtonian (pN) models of very high order have been developed [1, 2] . For compact objects of very dissimilar masses, calculations using gravitational self-force theory [3, 4] can now be performed with high accuracy at linear order in the mass ratio [5] [6] [7] [8] [9] , and calculations at second order in the mass ratio are underway [10] [11] [12] [13] [14] . For objects of similar mass and small separations, fully nonlinear numerical relativity can be used, and it is continually pushing to cover more of the binary parameter space [15] . Furthermore, effective-one-body theory (EOB) [16, 17] has the potential to model all of these situations, given appropriate calibration data from each of the other models.
In the last few years, work has increasingly been done at the interface between these various models [18] . Of particular interest to us is that self-force data has been used to set benchmarks for numerical relativity, determine high-order pN parameters, and calibrate EOB. One thing that has aided these efforts is the advent of extreme-accuracy numerical self-force results, with accuracies of several hundred or thousands of digits [9, 19] . With these results, one can extract very high-order (linear-in-mass-ratio) post-Newtonian (pN) coefficients, which would be prohibitively difficult to calculate in an analytical pN framework. Perhaps surprisingly, with high-accuracy numerical self-force data one can extract not only numerical values of the pN coefficients, but their analytical form in terms of rational numbers (and their product with π), and for some terms, even analytical forms involving linear combinations of transcendentals. The details of this procedure are given in Ref. [20] .
To use data from one model in another, one must calculate gauge-and coordinate-invariant quantities that can be translated between formalisms. These invariants can be divided into those related to dissipation and those related to conservative effects. In the dissipative sector, for example, Ref. [19] calculated the ingoing-at-horizon and outgoing-at-infinity gravitational-wave fluxes to 21pN order for a particle in circular, equatorial orbit around a Kerr black hole. However, most of the work done has been in the conservative sector, where a richer variety of invariants appear. The paragon of conservative invariants is Detweiler's redshift invariant [21] , which is related to the binding energy and angular momentum of a quasicircular binary system. Reference [9] determined the pN expansion of this invariant up to 10.5pN order for a particle in circular orbit around a Schwarzschild black hole, and Ref. [20] has pushed that expansion even further, to 21.5pN order.
Recently, other conservative invariants on circular orbits in Schwarzschild spacetime have been discovered and calculated: the linear-in-mass-ratio correction to the spin precession (due to the "self-torque" effect) was numerically calculated in Ref. [22] , where the pN expansion was found up to 3pN order (also see [23] ); and conservative tidal invariants, the eigenvalues of certain electric and magnetic tidal tensors, were calculated in Ref. [8] to more than machine precision.
In parallel with this numerical work, there have been analytical calculations of invariants, made possible by performing a pN expansion of the equations of self-force theory. Reassuringly, in all cases the results of the analytical calculations have precisely agreed with the expansions extracted from numerical data. Reference [24] analytically calculated the pN series of ingoing and outgoing fluxes for a particle in circular, equatorial orbit around a Kerr black hole and confirmed the results in Ref. [19] to 11pN order. Bini & Damour have analytically calculated the pN expansion of the redshift invariant up to 9.5pN order [25] [26] [27] [28] , the spin precession to 10.5pN order [29, 30] , and tidal invariants to 7.5pN order [31] .
Self-force calculations, whether numerical or analytical, of these invariants have proven to be very effective in calibrating EOB. Bini & Damour have used the spin-precession invariant to calculate the corresponding terms in the spin-orbit part of the effective Hamiltonian through an effective gyro-gravitomagnetic ratio. They have likewise transcribed the tidal invariants into the tidal interaction energy in the EOB formalism. A semi-analytical simulation of tidally interacting binary neutron stars using these calibrations was performed in Ref. [32] , and for compact stars the model was confirmed by fully numerical simulation in Ref. [33] .
Despite these successes, at this point in time, computations of the spin-precession and tidal invariants have been performed at much lower accuracy than the extremeaccuracy calculations in Refs. [9, 19] . In this paper, we pursue the program initiated in Refs. [9, 19] by calculating the spin-precession and tidal invariants with an accuracy greater than 1 part in 10 500 for circular orbits in Schwarzschild with orbital radii in the range 10 18 -9×10 33 M . This allows us to extract the pN expansion of the invariants to about 20 pN order. Such a procedure of extracting pN coefficients from high precision numerical data will be very important when calculating conservative invariants for orbits in Kerr spacetime, where analytical checks or computations are likely to be extremely difficult.
Besides our high accuracy, our calculations differ from others in our choice of gauge. Dolan et al [8, 22] performed their calculations in the Lorenz gauge and ReggeWheeler-Zerilli gauge. Bini & Damour [29, 31] performed theirs in the Regge-Wheeler-Zerilli gauge using analytical solutions of the Regge-Wheeler equation given by Ref. [34] . In this paper we use a radiation gauge, following the methods of Refs. [9, [35] [36] [37] . Perturbations in radiation gauges can be reconstructed from solutions to the Teukolsky equation, making this gauge, unlike Lorenz and Regge-Wheeler-Zerilli, ideal for calculations in Kerr spacetime; hence, we view the calculations in this paper as a step toward computing analogous invariants in Kerr.
Although it has this distinct advantage, the radiation gauge has historically had two drawbacks. First, the reconstructed metric does not contain the full solution of the linearized Einstein equation, but must be completed by adding a (non-radiation-gauge) perturbation that encodes the particle's mass and angular momentum. (We shall refer to the gauge of the completed solution as a completed radiation gauge; elsewhere, it has been called a modified radiation gauge.) Second, most quantities of interest in self-force theory are constructed from a certain smooth vacuum perturbation called the DetweilerWhiting (DW) regular field [38] , which in practice is obtained from the retarded metric perturbation by subtracting a certain divergent field called the DW singular field. Until recently, there has been no well-justified way of performing this procedure in a radiation gauge, which has long been known to have pathological singularities away from the particle [39] .
However, both of these issues have, to a large extent, been dealt with. Regarding the completion problem, it has been incrementally better understood over the last few years [37, [40] [41] [42] [43] . The present paper provides some description of the requirements on the completion term in the metric perturbation in Schwarzschild, and a future paper will contain a fuller description of the problem and its partial resolution in Kerr [44] . Regarding the problem of regularization, recent work of Pound, Merlin, and Barack (hereafter PMB) [43] has provided a rigorous means of obtaining the correct gravitational self-force from radiation-gauge perturbations, and this method has been concretely implemented in Ref. [45] . Here we use a regularization scheme, based on the results of PMB, that combines standard mode-sum regularization [46] with a certain averaging procedure. The rigorous justification of this scheme will be presented in a companion paper, but here we go some ways toward making it sensible by providing a suitable definition of the DW regular field in our completed radiation gauge.
The article is organized as follows. In Sec. II we describe the setup of our calculations, the invariants we calculate, and our procedure for reconstructing and completing the retarded metric perturbation. In Sec. III we describe our regularization procedure. In Sec. IV, we discuss the extraction of pN coefficients. Most of these coefficients we determine as numerical values, but we also determine many coefficients in analytical form. Because of the length of the expansions, we present the analytical coefficients in an appendix B, and we present the numerical coefficients in the accompanying supplementary files. We work in units with G = c = 1.
Before proceeding to the body of the paper, we note that in parallel with our efforts, a group comprising Chris Kavanagh, Adrian Ottewill and Barry Wardell [47] have also performed very high-order pN expansions of the same invariants, using analytical methods in the ReggeWheeler-Zerilli gauge. At all orders that we have compared, these two independent calculations have yielded identical results.
II. SETUP
A. Circular orbits and invariant quantities
We consider a particle of mass µ orbiting a Schwarzschild black hole of mass M . At zeroth order in µ/M , the trajectory is a circular geodesic γ 0 of the Schwarzschild metric g µν . In Schwarzschild coordinates, its 4-velocity is given by
, with
, and
where r 0 is the orbital radius, Ω is the orbital frequency, and φ α and t α are the rotational and timelike Killing vectors of the Schwarzschild spacetime, respectively. The orbital energy and angular momentum per unit mass are given byÊ
At linear order in µ/M , the particle sources a perturbation h µν that exerts a self-force on the particle. The perturbed trajectory γ is no longer a geodesic of the background metric, but it is a geodesic of an effective metric g µν = g µν +h R µν , where h R µν is the DW regular field. If we consider only the conservative dynamics, the perturbed trajectory can be chosen, like the zeroth-order one, to be a circular orbit.
The perturbed spacetime loses the background's stationarity and rotational symmetry, but it inherits the orbit's helical symmetry. In convenient gauges, the helical Killing vector is given by
and at all points in the spacetime we have
We can use this Killing vector in combination with h R µν or derivatives of h R µν to construct meaningful scalar quantities on the orbit. Letũ µ be the four-velocity of the perturbed trajectory, normalized asg µνũ µũν = −1. The simplest of the invariants is Detweiler's redshift invariant,ũ
which is the rate of change of the time of an inertial frame at infinity relative to proper time ing µν along the orbit. Next is the spin precession invariant,
which for a spinning particle is the angle of spin precession per unit radian of the circular orbit. Here the precession frequency is
and∇ µ is the covariant derivative compatible withg µν . The last set of quantities we shall consider are the eigenvalues of the electric and magnetic quadrupole tidal tensors associated withg µν . These are conveniently written in terms of a Lie-transported spatial triad (ẽ
The eigenvalues of the electric tidal tensor areλ
(with no summation over i); the magnetic tidal tensor has two equal but opposite eigenvalues, with magnitudẽ
HereR µανβ is the Riemann tensor ofg µν . From these scalars, we can obtain gauge-invariant perturbative quantities by expandingg µν around g µν and γ around γ 0 . Of interest to us in this paper are the linear perturbations inψ,λ E i , andλ B , which were derived in Refs. [22] and [8] . The explicit expressions in Schwarzschild coordinates are
where f 0 = 1 − 2M/r 0 , h kk = h ab k a k b , all functions are evaluated on the zeroth-order trajectory, and commas denote partial derivatives with respect to coordinates. The tidal invariants are related by ∆λ
The quantities ∆ψ, λ E i , and λ B , as given above, are defined by performing an expansion at fixed Ω. They are invariant under any smooth gauge transformation that leaves the helical Killing vector invariant; that is, for a smooth gauge generator ξ µ , the quantities are invariant if £ ξ k µ = 0 (and hence £ k ξ µ = 0). In practice, this means that to obtain the same result in any two gauges, we must ensure that the perturbation h µν in each of these gauges possesses three properties: (i) helical symmetry, £ k h µν = 0, with k µ taking the form (3), (ii) asymptotic flatness, (iii) regularity at θ = 0 and π, and (iv) continuity of certain metric components. We explain these requirements in the next section.
B. Computation of the retarded field
We calculate the retarded field h µν in a completed radiation gauge. After decomposing the perturbation into tensor harmonic modes, we calculate the ≥ 2 modes in an outgoing radiation gauge satisfying h ab l a = 0, where l a is the outgoing principal null vector. We calculate the = 0, 1 modes, which physically correspond to the spacetime's change in mass and angular momentum, in the asymptotically flat Zerilli gauge. We briefly review the reconstruction formalism here; more detailed descriptions are available in Refs. [9, [35] [36] [37] 45] . For the completion, we make several points about continuity which have not previously been discussed in the literature.
Reconstruction
The ≥ 2 part of the metric perturbation is extracted from a Hertz potential, Ψ, which in turn is calculated from the perturbed spin-2 Weyl scalar, ψ 0 , by solving the separable Bardeen-Press-Teukolsky equation. The spin-2 retarded Weyl scalar has the form
with
are the spin-weighted spherical harmonics; the functions R H ,m (r) and R ∞ ,m (r) are the solutions of the homogenous radial Teukolsky equation that are ingoing at the future event horizon and outgoing at null infinity, and a prime denotes a derivative with respect to r; the Wronskian,
and the quantities A m , given by
are constants, independent of r. The spin-weighted spherical harmonics s Y ,m (θ, φ) and their θ derivatives at θ = π/2 are calculated analytically. On the other hand, we compute the functions R H ,m and R ∞ ,m to more than 550 digits of accuracy using expansions in terms of hypergeometric functions given in Ref. [48] , namely
where x = 1 − r 2M , = 2M mΩ and z = − x. We refer the reader to [48, 49] for the derivation of ν (called the renormalized angular momentum), and the coefficients a n and b n . Here F and U are the hypergeometric and the (Tricomi's) confluent hypergeometric functions. To minimize the computation time we find recurrence relations between the different F 's and U 's, so that n=0 and 1 are sufficient to find all other n's in Eqs. (17 & 18) .
After obtaining the m modes of ψ 0 , we calculate the radial part of the Hertz potential Ψ using the algebraic
where the individual modes are defined as the coeffi-
From the Hertz potential, the tetrad components of the reconstructed metric perturbation are obtained using
where the subscript boldfaced numbers 1 and 3 respectively represent components along l α and m α (the complex null vector on the 2-sphere). The other quantities appearing here are f = ∆/r 2 and the operators ð andð, the spin-raising and -lowering angular operators, which act on a spin-s quantity η according to
Completion
As mentioned previously, the reconstructed metric perturbation is incomplete. In the context of a Schwarzchild background, the reconstructed perturbation corresponds to the > 1 tensor-spherical-harmonic modes of the solution to the linearized Einstein equation with a point particle source. To complete the solution, we must add perturbations that satisfy the remaining, = 0 and = 1, pieces of the Einstein equation.
Appendix A discusses a large range of gauge choices for the monopole solution. Here we add both monople and dipole solutions in the asymptotically flat Zerilli gauge, as given in Eqs. (18)- (19) of Ref. [29] . The non-zero components of the = 0 mode are given by
and those of the = 1 mode are given by
The subscript < (>) indicates the metric perturbation in the region r < r 0 (r > r 0 ). Outside the particle's orbit, at r > r 0 , the perturbation contains invariant shifts in the spacetime's mass and angular momentum, corresponding to the contributions from the particle. Inside the particle's orbit, at r < r 0 , the perturbations are pure gauge. We can see this explicitly by adding a gauge per-
which cancels the terms h δM tt < and h δJ tφ < given above. The reader may question why one choice of gauge is preferable to another, and why we cannot simply set the perturbation in the region r < r 0 to zero, given that we are calculating invariant quantities. The answer is that, as mentioned below Eq. (12), the quantities are invariant only within a certain class of gauges. As is well known, the quantities we are interested in (at least as they have been formulated historically) are invariant only within the class of gauges in which the helical symmetry is manifest, in the sense that the Killing vector takes the simple form (3). It is also well known that these quantities are invariant only within gauges that agree on the time at infinity, which is usually resolved by working in gauges in which the asymptotic flatness is manifest, in the sense that lim r→∞ h µν = O(1/r) in asymptotically Cartesian background coordinates [50] .
1 However, here we point out that the quantities are invariant only within a class of gauges satisfying additional continuity conditions, which prove to be essential in our regularization scheme.
Let us first restrict to the class of gauges with manifest helical symmetry. The gauge transformations that alter our invariants even within this class are the ones which preserve the symmetry, in the sense that £ k h µν = 0, but which alter the Killing vector, in the sense that £ ξ k µ = 0. To our knowledge, the most general (continuous in r) gauge generator that accomplishes this is given by
where α i and β i are arbitrary constants. This generates a transformation with nonzero components
It alters the helical Killing vector to k µ → k µ + δk µ , where
By rewriting k µ + δk µ in the form (3) (times an overall constant), we find that this shift simply corresponds to Ω → Ω+δΩ+O(µ 2 ), with δΩ = (α 1 −β 2 +Ωα 2 −β 1 /Ω)Ω. One can reason that the transformations spoil invariance because our invariants are defined by an expansion at fixed Ω, while these transformations alter Ω. This makes the transformations dangerous, because the gauge perturbation (27) - (29) is helically symmetric, satisfying £ k δh µν = 0. So if two people compute one of the "invariants" in two different gauges related by this transformation, they might each think they are working in suitable gauges. But the gauge perturbation contributes to the "invariant", and the two people will obtain different values from their calculations. To eliminate this possibility, we must impose conditions on h µν that fix the freedom represented by the generator (26) . First, we notice that the α 2 term in Eq. (28) diverges (in regular Cartesian coordinates) at θ = 0 and π. So we can remove that freedom by requiring regularity at the poles. Similarly, the β 2 term contains conical singularities at θ = 0 and π, with a deficit (or excess) angle of 2πβ 2 ; this is to be expected from the fact that in Eq. (26) it corresponds to the coordinate transformation φ → φ − β 2 φ.
This leaves us with the freedom in ξ µ = α 1 tt µ + β 1 tφ µ . At this stage, we must consider jump discontinuities at r = r 0 . We replace α 1 with α 1 = α 1+ θ + +α 1− θ − , and the analogue for β 1 , with θ ± = θ[±(r − r 0 )]. This transformation still preserves the helical symmetry of the metric perturbation, as the gauge perturbation it generates has the helically symmetric form
As mentioned at the beginning of this discussion, we can partly abolish this freedom by imposing asymptotic flatness. Assuming we always work in an asymptotically flat gauge, the only remaining part of the unwanted freedom is encoded in the gauge perturbations
How do we escape this last bit of freedom?
Here we propose what we consider to be the most natural choice: we require continuity of the h tt and h tφ components of the completion part of the metric. This brings us back to the = 0, 1 solutions in Eqs. (24) and (25) . We now see why we do not use the freedom in Eqs. (33)- (34) to eliminate h δM tt < and h δJ tφ < : doing so would violate our continuity condition.
In summary, the "invariant" quantities are invariant within the class of gauges satisfying conditions (i)-(iv) listed below Eq. (12), where we have now specified the continuity condition. We stress that this continuity condition (and the regularity conditions at the poles) are not imposed in a quest for regularity. Indeed, we happily work with a perturbation that is not in a regular gauge: The rr component of Eq. (24) is plainly discontinuous across r = r 0 , and as we discuss in Appendix A, this perturbation is also not regular at the horizon in horizon-penetrating background coordinates. The reconstructed perturbation is also discontinuous across r = r 0 , a fact which we find experimentally and discuss further in the next section. But none of these gauge irregularities affect the values of the invariants, because they are not generated by transformations of the form (26).
Since the "invariants" do not have unique values, in principle we could equally well choose some other, less regular class of gauges to work in. Here we take a pragmatic stance: we want our invariants to agree with those that would be calculated by anyone working in a "nice" gauge that is asymptotically flat and continuous everywhere away from the particle (at least for r > 2M , where the background coordinates are well defined). Clearly such a "nice" gauge falls within the class defined by our four conditions. Although we have specified the continuity condition at r = r 0 , properly speaking it must be imposed at all radii. But it becomes important only at r = r 0 , because only there is one tempted to introduce a discontinuity. Especially in Kerr, setting the perturbation to zero in the region r < r 0 often appears the easy choice to make. It is doubly tempting because the perturbation is often already discontinuous across r = r 0 , as is the case for us here.
If one is able to calculate the invariants from modes in the region r > r 0 , one need not worry about the issue of continuity. However, our regularization scheme will use the average of modes from r → r + 0 and r → r − 0 . Hence, to ensure that our invariants have the same values as would be found in a "nice" gauge, we must impose the continuity conditions at r = r 0 .
III. REGULARIZATION
From the retarded field we now wish to calculate the invariants ∆ψ, ∆λ E i , and ∆λ B . In Sec. II, we defined these invariants in terms of the DW regular field, which was originally defined in the Lorenz gauge [38] . While it is easily generalized to any gauge smoothly related to Lorenz, it is less easily generalized to more singular gauges, among them the radiation gauge. In this section, we utilize the results of PMB to define a DW regular field in a completed radiation gauge; we show that the invariants constructed from this field are equal to those constructed from the regular field in any gauge smoothly related to Lorenz. Motivated by the parity structure of the transformation between the Lorenz gauge and radiation gauge, we compute the invariants using a mode-sum regularization formula that averages the modes from opposite sides of the particle. The validity of this procedure will be established in a companion paper.
A. Detweiler-Whiting fields
Radiation-gauge metric perturbations are known to have singularities extending away from the particle, either in the form of a string emanating from the particle or in the form of distributional singularities supported on a surface intersecting the particle [43] . In our calculations in this paper, we work in the "no-string" gauge described by PMB; in the present context, this gauge is regular everywhere except at the sphere at r = r 0 , which supports a jump discontinuity and a delta function.
Rather than working directly with the metric perturbation, for our analysis we will instead refer to the gauge transformation from any gauge smoothly related to Lorenz. Let x µ 0 be a point on the zeroth-order worldline γ 0 . At a nearby point x µ = x µ 0 + δx µ , the generator of the gauge transformation has the discontinuous form
Here ε is a measure of distance from
The other terms, ξ µ 0± are irregular at the particle. It is convenient to split them into pieces that become parallel and perpendicular to the worldline as ε → 0:
where u µ (x 0 )ξ µ ⊥± (x 0 , δx) = 0. The parallel piece behaves as
Each of the perpendicular pieces ξ µ ⊥+ and ξ µ ⊥− is bounded but has a direction-dependent limit δx µ → 0. The two are related by
in other words, ξ
− has odd parity under the parity transformation that interchanges points on diametrically opposite sides of the particle. Its derivatives ∂ α ξ β⊥ have even parity; this is also true of ∂ α ξ u β , even though ξ has no definite parity. These general properties, derived by PMB, are all that we will require. We refer the reader to Ref. [43] for explicit expressions. Given our construction of the metric, and the helical symmetry, continuity, and asymptotic flatness of the (tweaked-for-asymptotic-flatness [50] ) Lorenz-gauge solution, it is clear that ξ µ satisfies the condition £ k ξ µ = 0. The retarded field in the no-string gauge is given by
where we will use "L" to indicate that a quantity is in the Lorenz gauge. (An arbitrary gauge that is smoothly related to Lorenz could equally well be used.) As promised, this gauge is discontinuous across the sphere at r = r 0 , due to the θ ± functions in ξ µ , and it contains a delta function on that sphere, due to derivatives of those functions. Our reconstruction and completion procedure cannot determine the correct δ function on the sphere to make our computed metric perturbation a true solution to the linearized Einstein equation with a point-particle source, but PMB showed that the perturbation we obtain is pointwise correct away from r = r 0 . Hence, we shall always work away from the sphere.
PMB established that in this irregular gauge, the linear correction δz µ to the particle's trajectory, relative to the trajectory z µ in the Lorenz gauge, is given by the average of the regular part of the gauge transformation:
This is the regular change in position induced by the singular generator ξ µ . How can we use this to define a Detweiler-Whiting regular field in the no-string gauge? The DW regular field possesses three important properties: (i) the linear equation of motion can be written as the geodesic equation 
With this choice, h R µν is guaranteed to satisfy properties (i) and (ii) mentioned above. Now let us consider our singular gauge transformation to the no-string gauge. Suppose we split ξ µ into regular and singular pieces of the form
where the O(ε) terms are smooth but for our purposes can be arbitrary. Then according to Eq. (40) we have
. Hence, from the argument laid out in the case of a smooth transformation, the regular field
will satisfy the desired properties (i) and (ii): the perturbed motion is geodesic in g µν + h R µν , and h R µν is a smooth vacuum perturbation. With this choice, the singular field is left to be
These will be our definitions of the singular and regular fields in the no-string gauge.
B. Invariance of the invariants
We now consider the construction of scalar quantities from h R µν (and its derivatives) on the worldline. Let ∆I be one such quantity. It can be any one of Detweiler's redshift, ∆ψ, ∆λ E i , ∆λ B , etc., defined by substituting the no-string-gauge h R µν into Eqs. (8)- (12) . Before describing the computation of this quantity, we first confirm that it is equal to its value ∆I L in the Lorenz gauge (and hence to its value in any gauge smoothly related to Lorenz).
Let us begin by defining retarded and singular versions of ∆I. We do this by extending ∆I away from the worldline; for example, in Eqs. (8)- (12) we can multiply each term by an arbitrary function of t, r, θ, φ that goes smoothly to 1 at x 0 , and at points off x 0 , we can let h . ∆I can be written as the limit of the difference between these two fields,
Note that while the extension is arbitrary, it must be the same in both terms on the right. Starting from Eq. (47), we can establish our desired result, ∆I = ∆I L , by transforming to the Lorenz gauge before taking the limit. In the extended fields ∆Î, the only gauge-dependent quantities are the perturbations h µν , h R µν , and h S µν ; the only other dependencies are on the zeroth-order trajectory, which is gauge-invariant [13] , and on arbitrary smooth functions that define the extension, which we wish to keep the same in both gauges. Hence, the quantities constructed from no-string fields are related to quantities constructed from Lorenz-gauge fields according to
where we have appealed to Eqs. (39) and (46) 
which is our desired result:
We have now shown that the invariants constructed from the no-string-gauge regular field are equal to the ones constructed from the usual DW field in gauges smoothly related to Lorenz. However, we note that we could have split ξ µ into ξ µ R and ξ µ S in any number of other ways and still obtained the same result. For example, we could have defined ξ µ R = 0, and the calculations in this section would have gone through just as well. In that case, the regular field in the no-string gauge would have been defined to be identically equal to the Lorenz-gauge regular field. The message is that for the purposes of calculating gauge-invariant scalars on the worldline, in Eqs. (45) and (46) the regular gauge vector ξ µ R is almost entirely arbitrary. So long as ξ µ R is smooth and helically symmetric, the choice has no effect on the invariants. Nevertheless, we think it is meaningful to define the regular metric to be the one in which the perturbed motion is geodesic.
C. Averaged mode-sum regularization
Assured that we are calculating the correct quantities ∆I, we now describe our concrete method of performing that calculation. PMB showed that the gravitational selfforce in the no-string gauge can be computed using modesum regularization in combination with averaging from opposite sides of the particle. Here we adopt the same method for our calculation of invariants.
First note that the direction of the limit in Eq. (47) is arbitrary so long as it avoids the sphere at r = r 0 . Therefore we can replace the limit with the average of two limits from opposite directions,
where x 0 + δx lies outside the sphere and x 0 − δx lies inside it, and to keep the expressions compact, we have defined the average of a field F as
Since we have a great deal of knowledge about the Lorenz-gauge singular field, we express h S µν in terms of it, giving us
Following standard steps [46] , we can rewrite this as a sum over scalar spherical harmonic modes,
where (∆Î) (t, r, θ, φ) is the th term in the spherical harmonic expansion of ∆Î, summed over azimuthal number m, and (∆Î) ± = lim r→r ± 0 (∆Î) (t, δr, π/2, Ωt) is its limit to the particle from r > r 0 or r < r 0 . (Because the orbit is circular, this quantity depends only on r 0 in the end.)
For concreteness, let us examine ∆ψ. We note that the singular field in the Lorenz gauge behaves as h 
where L := + 1/2 and the regularization parameters A ψL n± are independent of . From the general property ξ µ ∼ ln ε, we expect the same scalings for (∆ψ[£ ξ S g]) ± , and we assume
Based on this, we write Eq. (54) as
where A 
and the analog for δD Using the method developed in Refs. [35] [36] [37] , we can numerically (and uniquely) determine the A i± parameters through large-fits of the modes of the retarded field. This allows us to numerically confirm the expected behavior (56) . However, there is no obvious way of determining D ψ ± through numerical fits, and these D terms become the central concern. Here we eliminate that concern by contending that in the averaged form (57), the D terms cancel in the mode-sum formula, meaning they need not be determined.
First we consider the contribution to D 
where ρ ∼ ε is the leading-order geodesic distance from x µ 0 to x µ 0 + δx µ . Any quantity constructed from h S µν via single derivatives and multiplication by smooth functions will have the form
where s(x) is smooth but arbitrary. Similarly, for two derivatives, as appear in the tidal invariants,
Now, since they are finite and hence can contain no positive powers of L in their mode decomposition, the O(ε 0 ) terms may seem likely to generate a D term. However, these O(ε 0 ) terms always have the discontinuous (direction-dependent) form (δx) n /ρ n , with odd n. The sum of modes of a discontinuous quantity evaluated at the point of discontinuity, (δx) n /ρ n in this case, converges to the average of the quantity on an infinitesimal circle around the point [51] . Because (δx) n /ρ n terms with odd n have odd parity around the point, they contribute nothing to the mode sum, and hence contribute no D. But the remaining terms in Eqs. (59)-(61) (that do not vanish in the limit ε → 0) only ever contribute nonnegative powers of L to the mode sum [52, 53] ; in fact, this should be true of any functions of the form (δx) n /ρ p with odd p > 0 [53] . So they too cannot produce a D. This argument should be easy to make precise and to extend to quantities constructed from any number of derivatives. Hence, we conclude that D terms vanish identically for any quantity constructed from the Lorenzgauge singular field via the action of derivatives and multiplication by smooth functions. This conclusion is independent of extension, since a change in extension merely corresponds to a change in the smooth functions multiplying the derivatves. Therefore, we have D ψL ± = 0. Now let us turn to δD ψ ± . These D terms cancel in Eq. (57) if they have the symmetry property δD ψ − = −δD ψ + . Establishing this property requires a detailed local analysis of ∆ψ[£ ξ S g], which will be carried out in a companion paper. In the meantime, we present a plausibility argument. From the general properties of ξ µ described in Sec. III A, it follows that ∆ψ[£ ξ S g] has the form
where "o(ε 0 )" means "goes to zero in the limit ε → 0". Now let us assume that all positive powers of L in (∆ψ[£ ξ S g]) ± arise from the negative powers of ε in Eq. (62), and that δD ψ ± arises from the order-ε 0 terms. For the purpose of this sketch, consider only the most singular terms in ∂ξ µ S . Given this restriction, order-ε 0 terms in Eq. (62) can only arise in the forms (δx) 2 ∂ 2 ξ S , δx∂ξ S , and ξ S . Recall that the most singular terms in ∂ξ S have even parity, meaning δx∂ξ S has odd parity; hence, this term will vanish upon averaging. Similarly, the most singular term in ∂ 2 ξ S has odd parity, and so (δx) 2 ∂ 2 ξ S also vanishes upon averaging. Last, the ξ S term in Eq. (62) can only come in the form ξ Following these arguments, we now allow ourselves to set D ± to zero in Eq. (57). This gives us our final formula for ∆ψ:
Here we have used A ψ −1± = 0, a fact which we find numerically.
Following identical arguments for the tidal invariants, we obtain ∆λ = 1 2
,k=±
where ∆λ is any of ∆λ E i or ∆λ B . When implementing these formulas, we first determine the A parameters numerically. We find that the parameters, with our choice of extension, agree precisely with the analytically derived parameters in the Lorenz gauge in Ref. [8] , with the lone exception of A λ 0k . After making this determination, in practice we use the analytical parameters except in the case of A λ 0k , which we determine numerically.
As an aside, we note that one need not always define the modes in these sums as scalar spherical harmonic modes. It is computationally simpler to leave the harmonics in the "natural" form they arrive in from the reconstruction procedure, which is a mixture of harmonics of various spin weights; using this "natural" form avoids having to re-expand spin-weighted harmonics into scalar harmonics. Although strictly speaking the arguments made in this section assume the modes are defined in the scalar harmonic basis, we have experimentally found that our results are unaltered by changing between the "natural" and scalar basis. It is has been suggested to us that this may hinge on our averaging from two sides of the particle [53] , as such averaging is known to annihilate D terms that arise in some cases when nonscalar bases are used. However, we leave exploration of this issue to future work.
IV. EXTRACTION OF PN COEFFICIENTS
In our concrete implementation of the mode-sum formulas (63)- (64), we follow the method of Ref. [36] . We fit the modes to polynomials in L to numerically determine the regularization parameters A i± , and to gain faster convergence, we also fit the power-law "tail" of the singular field, which is made up of negative powers of L.
Because we wish to extract pN coefficients, we calculate the invariants at very large orbital radii. Specifically, we calculate the invariants for 144 different values of Ω by placing the particle at R = 1, 2, 3, ..., 9 × 10 18,19,20,...,33 ,
where R = (M Ω) −2/3 is a coordinate-independent measure of orbital radius, which in Schwarzschild coordinates is equal to the orbital radius r 0 of our zeroth-order trajectory. To obtain our desired accuracies of 1 part in 10 500 , we calculate modes up to a maximum max = 200. These extreme accuracies are made possible with Mathematica's arbitrary-precision algebra.
To extract the pN coefficients from these results, we fit the high-precision numerical data to the pN series in the following manner: First, we utilze the known pN series calculated by Bini and Damour, which were obtained to 8.5pN order for δψ and 7.5pN order for the tidal invariants. We subtract these series from the numerical data and then fit the result to a pN series y j log i (y), where y = 1/R; i/2 is the pN order of a term. In performing the fit we first extract as many analytical coefficients of the highest power of log(y) for a given pN order as possible. This is done before anything else because the analytical coefficient multiplying the highest power of log is always either a rational number (for integer powers of y in δψ and ∆λ E n , and for half-integer powers of y in ∆λ B ) or a rational number times π (for half-integer powers of y in δψ and ∆λ E n , and for integer powers of y in ∆λ B ). Extracting two whole numbers (p and q of p/q or pπ/q) from the numerical value requires less precision than extracting rational coefficients of transcendentals like π 2 , γ, log(2), log(3), etc., which make up the pN coefficients of less than maximum power of log(y) for a given pN order. Once the coefficients of the highest power of log(y) are calculated we subtract them (along with the known pN series) from the numerical data and fit the resultant to the pN series (without the terms whose coefficients are known) and extract the coefficients of the second highest power of log(y). These coefficients usually have π 2 , γ, log(2) and log(3) in them. We repeat these two steps until as many analytical coefficients are extracted as possible. The third step is to subtract all the analytical coefficients from the data and fit the remaining pN series, the coefficients in which are determined as numbers with finite accuracy rather than as analytical expressions. This procedure, explained in more detail in Ref. [20] , enables us to obtain the pN expansion to significantly higher order than if we performed a straightforward numerical fit of the data to the series y j log i (y). In Figs. (1−3) , we compare the pN-approximated invariants with their exact (up to numerical error) values computed in Ref. [8] , and we find good agreement all the way to near R = 1/y = 4M . More precisely, we find that our pN expressions are accurate to more than 4 digits up to the innermost stable circular orbit (R = 6M ), and the approximation then worsens to less than 1 digit at R = 4M . We also examine the efficacy of exponentially resumming the pN series (as described in Ref. [54] ). Figs. (5-9) show the relative errors in the pN series and in the exponentially resummed series for the tidal invariants at R = 4, 5, 6M . We see that resummation does not markedly improve the accuracy of the series. As a consistency check, we have verified that the sum of the electrictype tidal invariants, ∆λ E 1 , ∆λ E 2 and ∆λ E 3 , is zero for any pN order. We also find that the contributions to this sum from the retarded field, prior to regularization, vanishes mode-by-mode for each .
Because of the great length of the final expressions, we place the analytical coefficients in Appendix B and the numerical coefficients in the supplementary text files.
V. DISCUSSION
In this article, we have developed and implemented tools for computing invariant quantities in a "no-string" completed radiation gauge. At the level of formalism, we have defined a Detweiler-Whiting regular field in the no-string gauge, and we have shown that the invariants constructed from this field take the same value as they would if constructed from the DW field in any gauge smoothly related to Lorenz. At the level of practical calculation, we have described a simple mode-sum regularization scheme involving averaging from two sides of the particle. In the cases of the spin-precession and tidal invariants, the scheme is encapsulated in Eqs. (63)-(64). The validity of this scheme will be rigorously established in a companion paper. We have also identified continuity conditions that must be imposed on the completion part of the metric perturbation in order to obtain the correct values for the invariants, and we expect that an extension of these conditions will be vital to calculations in a Kerr background.
By applying our regularization scheme, we obtained our main results: very high order pN expansions of the linear-in-mass-ratio corrections to the spin-precession and tidal invariants for a particle in circular orbit about a Schwarzschild black hole. These expansions were extracted from numerical results at very large orbital radii, from 10 18 M to 9 × 10 33 M . Using the analytical solution to the Teukolsky equation found in Ref. [48] , we were able to obtain these numerical results with accuracy greater than 1 part in 10 500 . This data was then used to numerically fit and extract the analytical and numerical coefficients in the pN expansion of the invariants.
To increase the accuracy of these numerically calculated quantities (at such large radii), one would have to drastically increase the maximum computed mode.This difficulty arises because of the large-behavior of the singular field, which makes the mode sum converge slowly unless one subtracts both the positive-power-of-L terms and a large number of tail terms. The situation here contrasts with calculations of fluxes, in which the singular field plays no role. To compute fluxes with an accuracy of 1 part in 10 600 in Ref. [19] , going to max = 40 was sufficient, whereas to compute conservative invariants here, we went to max = 200.
Instead of hunting greater accuracy, the next step will be to calculate the conservative invariants, along with the pN expansion of the Detweiler redshift, in Kerr spacetime. This should provide a substantial improvement to current EOB models. A computation of spin precession for a particle in circular orbit about a Kerr black hole will provide the linear-in-mass-ratio, spin-spin part of the effective Hamiltonian and improve the EOB model for tidally interacting spinning binary systems.
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We thank Barry Wardell, Chris Kavanagh, and Adrian Ottewill for providing a detailed comparison of their pN expansions with our own. We also thank Barry Wardell and Leor Barack for confirming (and explaining) several properties of the harmonic decomposition of the Lorenz-gauge singular field, Maarten van de Meent for assisting us in identifying conical singularities, and The = 0 perturbation we used in Sec. II B 2 was suitable for our purposes, but by transforming to ingoing Eddington-Finkelstein (EF) coordinates, one can see that it is irregular at the future horizon. In addition, it is discontinuous across r = r 0 . Such gauge singularities do not affect the calculation of invariants, but it is worthwhile to construct the perturbation in a gauge that is manifestly regular. Since, it is easy to check the regularity of the metric at the future event horizon in the ingoing EF coordinates (v, r, θ, φ), we start with the Schwarzschild metric in the those coordinates:
We know from the solution in Sec. II B 2 that across r = r 0 , there is an invariant shift of the spacetime's mass by an amount µÊ, and everything other than the mass in the perturbation is gauge. (The jump in mass can also be discovered from the invariant definitions of mass in Ref. [55] .) So we begin with a straightforward variation of the mass in Eq. (A1),
with the rest of the components being zero. Note that the linearized Einstein equation only tells us about the jump in mass across the particle's orbit; it does not tell us anything about the total mass, which can be freely altered by adding a trivial perturbation of M everywhere in spacetime. Here we have chosen to set the shift in mass to be zero at r < r 0 . We now perform a gauge transformation, h
so that h ab is continuous across r = r 0 , regular at the horizon, and asymptotically flat at spatial infinity. Our strategy is similar to that of Ref. [40] . We choose a spherically symmetric gauge vector (which respects the symmetry of the problem),
The term,
where a dot and a prime denote derivatives with respect to v and r, respectively, and f = (1−2M/r). To preserve the form of Eq (A1), we set Q = Q(r) and P = P (v). Using this, we now have,
To make the metric perturbation independent of the v coordinate, we have P = α v where α is a constant which needs to be determined from the three conditions mentioned earlier. We now split our gauge vector in half, ξ = ξ < θ(r 0 − r) + ξ > θ(r − r 0 ). Since we want a regular perturbation at the horizon, we choose Q on the inside to have the form (r − 2M ) i , where i is a positive integer which will be fixed later, and to guarantee flatness at spatial infinity we choose Q to have the form 1/(r − 2M ) j , with j a positive integer which will be fixed later. Without loss of generality, we write For this metric perturbation, j ≥ 2. We find that this metric perturbation is not manifestly static, having a nonzero time-independent h tr component. Of course, this is simply a gauge artefact, as we know from the solution in Sec. II B 2 that the metric is static; in the gauge of this section, the timelike, hypersurface-orthogonal Killing vector is simply no longer t µ but some appropriate t µ + δt µ . The perturbation we have found is actually a large class of (physically equivalent) perturbations, corresponding to a variety of gauges labelled by i and j. However, no two members of this class are related by the helically asymmetric gauge vectors discussed in Sec. II B 2, and in line with that discussion, we have found experimentally that the final result for any of the invariants is independent of the values of i and j. Furthermore, again in line with Sec. II B 2, we have also verified experimentally that continuity of the components of the = 0 solution need not be imposed except on h vv (or h tt ); discontinuity of other components does not affect the invariants.
It is not difficult to see that using the spherically symmetric gauge vector given in Eq. (A3), it is not possible to find a gauge in which the metric perturbation is manifestly continuous, regular at the horizon, asymptotically flat, and static. This agrees with the extensive analysis (focused on the Lorenz gauge) by Dolan and Barack in Ref. [55] . Perhaps surprisingly, this appears to stem from our choice of total mass of the spacetime. There do exist = 0 solutions with all the above desired properties, but with a total mass of M + dM + µÊ rather than M + µÊ. These slututions, first discovered in the Lorenz gauge by Berndtson [56] , correspond to having transplanted a small part of the black hole's mass into the perturbation, such that the mass of the background spacetime, M , differs from the black hole's physical mass, M BH = M + dM . While one can use these solutions, one must be mindful that M BH = M in order to avoid any hiccups.
Appendix B: Analytical results
Most terms in our pN expansions are obtained as real numbers with a finite numerical precision. However, many terms we find in exact, analytical form. In this appendix we present those analytical coefficients. The numerical coefficients are presented in the accompanying text files.
We present the analytical coefficients of δψ for the following pN orders: (i) all the coefficients that were already known, which go up to y 17/2 [29] (as later corrected in Ref. [30] ), (ii) the highest power of log(y) for each pN order from y 9 to y 37/2 , and (iii) the second-highest power of log(y) for each integer-pN-order from y 9 to y 15 . 
For ∆λ E 3 , we present (i) all the pN coefficients (known from [31] ) up to y 19/2 , (ii) the highest power of log(y)
for each pN order from y 10 to y 43/2 , and (iii) the secondhighest power of log(y) for each pN order from y 10 to y 17 . 
